Abstract-The electromagnetic force acting on a Rayleigh particle placed in a rectangular waveguide is studied. The particle is excited using the lowest order TE 10 mode. It is determined that the particle is laterally trapped at the high intensity region of the electric field and either pushed away from or pulled toward the light source. This push-pull phenomenon depends on whether the frequency of the light wave is above or below the cutoff frequency (i.e., the particle can be pushed or pulled by tuning the frequency). While conventional optical tweezers rely on a balance of scattering and gradient force in the propagation direction, the phenomenon predicted here switches between the two forces near the lowest cutoff in a waveguide.
INTRODUCTION
Maxwell's theory predicts the radiation pressure of light [1] . Radiation pressure has held the attention of scientists for many years [2] [3] [4] [5] . A challenge for electromagnetic theory is to model existing experiments and to predict new phenomena [6] [7] [8] [9] .
Application of optical trapping and manipulation of particles arise from the intricate forces due to the interaction of electromagnetic fields and matter [10, 11] . In optical trapping, electromagnetic force components give rise to a point of equilibrium where the gradient force dominates the scattering force of radiation pressure [11, 14] . The scattering force generally arises due to change of light momentum upon the scattering from the particle [15] . It is directly proportional to the intensity of light and acts towards the direction of wave propagation [11] . In the case of a counter propagating wave trap, the scattering force plays the dominant role in trapping the particle at the equilibrium position between the two incident waves [15] . The gradient of time averaged intensity of optical field can produce forces on a small dielectric particle, and trapping of the particle can be achieved by proper fashioned optical gradient [12, 13] . The gradient force is directly proportional to the gradient of the time-averaged intensity of optical field. It arises due to the interaction between the dipole and the gradient of the focused electromagnetic field, and the dipole tends to move towards the higher intensity region to minimize the interaction energy [15] . Optical binding is the stable spatial arrangement of several microparticles using light illumination where the position of a particle can be changed by light redistribution by another particle. Though optical trapping depends on the forces rising from incident field, optical binding forces depend on the modification of incident field in the presence of several illuminated objects [15] . Optical trapping can also be achieved as a balance between radiation pressure and optical binding forces [19, 20] .
In biological applications of optical trapping, pulling, and pushing of a particle, controlled forces can be applied on internal parts of cells. Separation of living cells has been developed without any detectable optical damage, measurement of elastic properties of parts of the cell cytoplasm, and force generated by RNA polymerase as it moves along a DNA molecule are possible [10] . Moreover, optical trapping has been used to probe cell membranes, aggregate protein fibers, modify chromosomes in living cells, and transport and modify cells precisely which has led to clinical applications [16] . The ability to trap, stretch, rotate, push, and pull particles or cells constitute an optical tool box for existing and emerging applications.
In this paper, we propose a method to create a pulling or pushing force on a small dielectric particle in a rectangular waveguide by varying the frequency of the exciting wave. We determine the cutoff frequency, vary the frequency, and calculate the gradient and scattering forces for the two cases (i.e., frequency below and above the cutoff). A theoretical study of pulling and pushing a small dielectric particle in a rectangular waveguide by varying the frequency is presented.
FIELD SOLUTION
We consider a PEC rectangular waveguide having dimensions a = 300 µm along x-axis and b = 150 µm along y-axis. Here, PEC stands for perfect electric conductor which is an ideal material that exhibits infinite electrical conductivity, or zero resistance. Though it does not exist in nature, we consider this concept since the electrical resistance is negligible in our model. The background medium in the waveguide is air, and a water drop of radius r = 10 µm is placed in the waveguide at a position (x, y, z). All of the media are lossless. We solve the waveguide problem analytically and the scattering problem using Rayleigh approximation.
Waveguide
To represent the guided waves along theẑ direction, the z dependence of all field vectors can be represented as e ±ikzz , where k z is the propagation constant and '+' sign indicates the propagation along positiveẑ direction [17] . For TE fields, the z-component of electric field is 0, and the magnetic field is [17] H
(1) The transverse electric field components can be written as [17] 
Throughout this paper, the suffix b represents the parameters for the waveguide background medium and the suffix p represents the parameters for the particle. Here, ω, b and μ b represent the angular frequency, permittivity of the background medium, and permeability of the background medium, respectively. For the fundamental mode of propagation in a rectangular waveguide (i.e., TE 10 mode) k y = 0. From Equations (2) and (3), the transverse electric field components are
The propagation constant is
, where v b is the phase velocity of wave in the background medium of the waveguide. To determine the cutoff frequency, the condition is ω
If the frequency of the wave is less than the cutoff, the value of k z = k z + ik z = ik z is imaginary. The y-field becomes
The wave acts as an evanescent wave below cutoff frequency. On the other hand, if the frequency is above cutoff, then the value of k z is real and there exists no imaginary part of k z . Then the y-field becomes
The wave acts as a propagating wave above cutoff frequency.
Rayleigh Scattering
The Rayleigh model gives an approximation of the scattered field by a small particle, the radius of which is very small compared to the wavelength, but for larger or multiple particles this model has to used with caution [8] . The scattering by larger particle can be solved exactly using Mie theory [8, 21] . In the Rayleigh scattering regime, the particle acts as a simple dipole in the presence of electric field and its dipole moment can be represented by [7] P(r, t) = 4π b r
The relative refractive index of the particle is n r =
, where n p and n b are the refractive indices of the particle and background media, respectively. Thus the dipole moment is
Here, α is the polarizability of the particle.
RADIATION FORCES ON A DIELECTRIC PARTICLE
For the calculation of radiation pressure on a dielectric particle, the Lorentz force can be applied to bound charges at the surface of the particle and bound currents distributed throughout the background medium of the particle [2, 8] . This radiation pressure induces two forces. One acts in the direction of wave propagation that is called the scattering force and another one acts toward the gradient of the incident field intensity that is called the gradient force.
Scattering Force
As the electric field oscillates with time, the induced dipole follows the electric field. The particle radiates scattered waves, and, as a result, changes of momentum take place. The resulting scattering force acting on the particle is [7] 
where S(r, t) is the time-averaged Poynting power. It can be expressed in terms of the intensity
The scattering cross section relates the relative size of the particle to an electromagnetic wave [7] 
The scattering cross section depends on the real part of propagation constant k z . If there exists no real part (i.e., for an evanescent wave), then the cross section is zero. For this reason, there exists no scattering force on the particle for an evanescent wave. On the other hand, propagating wave results in a scattering force on the particle.
Gradient Force
The gradient force always attracts the particle towards the higher intensity region of wave and the time-averaged force is given by [18] 
Since ∇ × E(r) = 0 in the static limit, Equation (14) reduces to
DISCUSSIONS AND RESULTS
In our study, the waveguide dimensions are a = 300 µm and b = 150 µm in x and y, respectively. The relative permittivity of the waveguide background medium is 1 (i.e., b = 0 ), and the relative permeability is 1 (i.e., μ b = μ 0 ). For TE 10 
Propagating Wave
We first consider that the wave propagates at a frequency of f = 5 × 10 11 Hz (i.e., ω = 10π × 10 11 rad/s) which is above the cutoff frequency. The incident wavelength is λ 0 = c f = 600 [µm]. For Rayleigh scattering, the radius of the particle should must be less than λ 0 20 (i.e., r 30 µm) [7] . For TE 10 mode, the scattering force does not depend on the b-dimension of the waveguide which is the smaller dimension, rather it changes with the a-dimension which is the longer dimension in xy plane. The electric field intensity is
From Equations (11), (12), (13) and (16), it is clear that the scattering force on the particle is maximum when the particle is at a position of a 2 along the x-axis and gradually decreases as the position of the particle is changed towards the edge of the waveguide as shown in Figure 1 . This is due to the fact that at x = a 2 , the value of sin (k x x) is maximum (= 1). The y-and z-coordinates of the particle do not have any impact on the scattering force, the scattering force is same regardless the position of the particle for a propagating wave. At a certain position the scattering force increases as the radius of the particle increases as shown in Figure 2 . The abrupt rise of scattering force with the increase of radius of the particle is due to the fact that the force rises at a rate of sixth power of the increment of the radius and it is noticeable in Figure 2 . The gradient of the square of the magnitude of the wave from Equation (16) is From Equation (15), the gradient force is
From Equation (18) it is obvious that the magnitude of the gradient force is maximum and acts in the +x direction when the particle is at a position ( a 4 , y, z) µm. It reduces to zero when the particle is at a position ( a 2 , y, z) µm and the magnitude becomes maximum, but acts along the −x direction when the particle is at a position ( 3a 4 , y, z) µm as shown in Figure 3 . The particle always tends to move to the stable equilibrium point at ( a 2 , y, z) µm as shown in Figure 4 . The gradient force acting on the particle remains same as the wave propagates, since for a propagating wave it does not depend on the value of z.
The total force acting on the particle for a propagating wave is the sum of the gradient force which acts in the x-direction, and the scattering force which acts in the positive z-direction.
Thus, for a propagating wave, the x-directed force always traps the particle at the midpoint of the a-edge (i.e., the higher intensity region, and the equilibrium point) and the z-directed force always pushes the particle towards the direction of propagation (i.e., the particle is forced to move towards +z direction, or away from the source) as is shown in Figure 5 . (19) . The line plot is shown in Figure 3 . (b) Plot of F z component of total force given in Equation (19) . The line plot is shown in Figure 1 .
Evanescent Wave
Next we consider that the wave propagates at a frequency of f = 10 11 Hz which is less than the cutoff frequency. In this case, the wave acts like an evanescent wave. From Equation (7),
In this case, the intensity gradient is
Therefore, the gradient force is
The gradient force for an evanescent wave has two components. One component acts towards the x-direction and another component acts towards the z-direction. The magnitude of the x-component of the force is maximum when the particle is at a position ( a 4 , y, z) µm and acts in the +x direction. It reduces to zero when the particle is at a position ( a 2 , y, z) µm, and it becomes maximum and acts in the −x direction when the particle is at a position ( 3a 4 , y, z) µm. However, the force decays at a rate of e −2k z as shown in Figure 6 .
The z-component of gradient force is negative which means it acts along the negative z-axis. The magnitude of this force is maximum when the particle is at ( a 2 , 0, 0) µm and gradually decreases as the particle is considered towards the edge of the waveguide as shown in Figure 7 . It decays at a rate of e −2k z along the z-axis as shown in Figure 7 .
From Figure 6 and Figure 7 , it is obvious that for a wave which is evanescent along the positive z-axis, the particle always tends to move to the stable equilibrium at x = a/2. This force weakens as the wave propagates as shown in Figure 8 . The z-component of the force which acts along the negative z-direction pulls the particle towards the light source as shown in Figure 7 . Pulling the particle is only possible if it is placed within a certain distance from the light source. If it is located at a long distance away from the source where the x and z-component of the force diminish, then it is not possible to pull the particle towards the light source. 
CONCLUSION
We have calculated the radiation pressure acting on a particle placed in a rectangular waveguide for both propagating and evanescent waves using the Lorentz force. A particle in a rectangular waveguide can be pulled towards the light source or pushed away from the light source just by varying the frequency around the waveguide cutoff frequency. All of the graphical representations and calculations are accurate within the Rayleigh scattering regime, but may be inappropriate for a larger particle. All of the fields and forces are plotted using analytical calculations presented herein, and validated using COMSOL Multiphysics 4.3a.
